We study the phase synchronization and cluster formation in coupled maps on different networks. We identify two different mechanisms of cluster formation: (a) self-organized phase synchronization which leads to clusters with dominant intracluster couplings and (b) driven phase synchronization which leads to clusters with dominant intercluster couplings. In the novel driven synchronization the nodes of one cluster are driven by those of the others. We also discuss the dynamical origin of these two mechanisms for small networks with two and three nodes. DOI: 10.1103/PhysRevLett.90.014101 PACS numbers: 05.45.Ra, 05.45.Xt, 84.35.+i, 89.75.Fb Presently, there is considerable interest in complex systems described by networks or graphs with complex topology [1]. Most networks in the real world consist of dynamical elements interacting with each other. Thus in order to understand properties of such dynamically evolving networks, we study a coupled map model of different networks. Coupled maps show rich phenomenology that arises when opposing tendencies compete: the nonlinear dynamics of the maps which in the chaotic regime tends to separate the orbits of different elements and the couplings that tend to synchronize them. Coupled map lattices with nearest neighbor or short range interactions show interesting spatiotemporal patterns, and intermittent behavior [2]. Globally coupled maps, where each node is connected with all other nodes, show interesting synchronized behavior [3]. Reference [4] gives some of the papers which shed light on the collective behavior and synchronization of coupled maps/oscillators with local and nonlocal connections on different networks.
Presently, there is considerable interest in complex systems described by networks or graphs with complex topology [1] . Most networks in the real world consist of dynamical elements interacting with each other. Thus in order to understand properties of such dynamically evolving networks, we study a coupled map model of different networks. Coupled maps show rich phenomenology that arises when opposing tendencies compete: the nonlinear dynamics of the maps which in the chaotic regime tends to separate the orbits of different elements and the couplings that tend to synchronize them. Coupled map lattices with nearest neighbor or short range interactions show interesting spatiotemporal patterns, and intermittent behavior [2] . Globally coupled maps, where each node is connected with all other nodes, show interesting synchronized behavior [3] . Reference [4] gives some of the papers which shed light on the collective behavior and synchronization of coupled maps/oscillators with local and nonlocal connections on different networks.
In this paper we study the mechanisms for synchronization behavior of coupled maps on different networks. In particular, we concentrate on networks with a small number of connections, i.e., the number of connections (N c ) is of the order of the number of nodes (N). Our study reveals two different ways for the formation of synchronized clusters. (a) Synchronized clusters can be formed because of intracluster couplings. We will refer to this as self-organized synchronization. (b) Synchronized clusters can be formed because of intercluster couplings. Here nodes of one cluster are driven by those of the others. We will refer to this as driven synchronization. We are able to identify ideal clusters of both types as well as clusters of the mixed type where both ways of synchronization contribute to cluster formation. We will discuss several examples to illustrate both types of clusters. Dynamically, our analysis indicates that the self-organized behavior has its origin in the decay term arising due to intracluster couplings in the dynamics of the difference variables while the driven behavior has its origin in the cancellation of the intercluster couplings in the dynamics of the difference variables.
Consider a network of N nodes and N c connections. Let each node of the network be assigned a dynamical variable x i ; i 1; 2; . . . ; N. The evolution of the dynamical variables is given by
where x i n is the dynamical variable of the ith node at the tth time step, and C is the adjacency matrix with elements C ij taking values 1 or 0 depending upon whether i and j are connected or not. The matrix C is symmetric with diagonal elements zero. The function fx defines the local nonlinear map and the function gx defines the nature of coupling between the nodes. In this paper, we present the results for the local dynamics given by the logistic map fx x1 ÿ x and two types of coupling functions, gx x and gx fx.
Synchronization of coupled dynamical systems may be defined in various ways [5] . Perfect synchronization corresponds to the dynamical variables for different nodes having identical values. Phase synchronization corresponds to the dynamical variables for different nodes having values with some definite relation [6] . For networks with N c N, we find that perfect synchronization leads to clusters with a very small number of nodes, while phase synchronization gives clusters with a large number of nodes. Here, we concentrate on phase synchronized clusters. We define the phase synchronization as follows [7] . Let n i and n j denote the number of times the variables x i t and x j t , t 1; 2; . . . ; T for the nodes i and j, show local minima during the time interval T. Let n ij denote the number of times these local minima match with each other. We define the phase distance between the nodes i and j as d ij 1 ÿ 2n ij =n i n j . Clearly, d ij 0 when all minima of variables x i and x j match with each other and d ij 1 when none of the minima match. We say that nodes i and j are phase synchronized if d ij 0. Also, a cluster of nodes is phase synchronized if all pairs of nodes of that cluster are phase synchronized. 
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